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Typical neuroimaging study (Ebert et al., 2019)

Association study:
• After a mild traumatic brain injury,

is there a neuroinflammatory response in the brain?

Many measurements, few subjects:
• SPECT scan: TSPO measurements over the whole brain
• 22 healthy controls and 14 patients

Often, some complications:
• genetic factors can influence the TSPO measurements
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Processed data "averaged" over individuals

Controls

Concussion

-
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Dimension reduction: 9 ROIs
Controls

Concussion

-

Corpus Callosum (white), thalamus (grey), and pons (black). 4 / 22
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Latent variable models (LVM)
We have:

• measurements in 9 brain regions Y = (Y1, . . . ,Y9)
• 2 covariates X = (X1 = group,X2 = gene)
• 1 latent variables η modeling the individual TSPO level

We define our LVM using
• a measurement model:

∀r ∈ {1, . . . , 9}, Yir = νr + ηiλr + X iKr + εir

where (εi1, . . . , εi9) ∼ N

0,
σ

2
ε1 0 0
0 . . . 0
0 0 σ2

ε9




• a structural model:

ηi = α + ζi , where ζi ∼ N
(
0, σ2

ζ

)
• identifiability constrains, e.g. ν1 = 0, λ1 = 1.
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Path diagram

Thalamus

Corpus Callosum

...

Midbrain

Pons

ηSPECT

Genotype

Concussion

k1

k2

.

k8

k9

λ1

λ2

.

λ8

λ9

σ2
ζ

σ2
ε1

σ2
ε9

Cov [Yir ,Yir∗] =
{
λ2

rσ
2
ζ + σ2

r if r = r∗
λrλr∗σ

2
ζ if r 6= r∗

6 / 22



Introduction Handling multiple comparisons Handling small sample size Conclusion

Clinical hypotheses

Is there any effect at all of concussion?

(Ha
0) : k1 = k2 = . . . = k9 = 0

In which region is there an effect of concussion?

(Hb1
0 ) : k1 = 0

. . .

(Hb9
0 ) : k9 = 0
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Test 1 clinical hypothesis

Easy. Estimate the LVM by maximum likelihood (ML):
• Θ̂: ML estimate of the model parameters
• Σ̂Θ̂: Estimate of the variance-covariance of the model

parameters
• C : Contrast matrix

Wald test: (
CΘ̂

)ᵀ (
CΣ̂Θ̂Cᵀ

)−1 (
CΘ̂

)
−−−→
n→∞

χ2
r

data: chisq = 24.193, df = 9, p-value = 0.004006
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Test several clinical hypotheses
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Test several clinical hypotheses
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Test several clinical hypotheses
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Handling multiple comparisons
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Notations
We consider the contrast matrix C such that we want to test:

CΘ = 0 = (k1, . . . , k9)

and denote the vector of Wald statistics by:

T = diag(CΣΘ̂Cᵀ)−
1
2 CΘ =

( k1
σk1

, . . . ,
k9
σk9

)

From maximum likelihood theory, we know that:
√

n
(

Θ̂−Θ
) d∼ N

(
0, I1(Θ)−1

)
where (n I1(Θ))−1 = ΣΘ̂ in correctly specified models.
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Max test procedure (Hothorn et al., 2008)
The vector of Wald statistics is asymptotically normally distributed:

√
n T d∼

H0
N (0,ΣT)

with ΣT = f (C , I1(Θ))

We define
• the max statistic: |T |max = max(T)
• the observed max statistic: |t|max (e.g. t1)

We obtain an adjusted p-value for the largest observed T -statistic
by computing (under the null):

1− P [|T |max < |t|max ]
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Computation of P [|T |max < |t|max ] using mvtnorm
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Black thick line: |t|max
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Simulation study
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Simulation study
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Handling small sample size
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Back to univariate linear regression
For the Wald test, asymptotically:

θ̂

σ̂θ̂
= θ̂√

(XᵀX )−1σ̂2
∼
H0
N (0, 1)

where ˆ stands for the maximum likelihood estimate (MLE).

Standard corrections:
(A) correct finite sample bias of MLE:

σ̂2,c = n
n − p σ̂

2

(B) use a t-distribution.
(C) correct the degrees of freedom: n − p instead of n.
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(A) bias correction in LVM (1/2)
Denoting the observed residuals:

ξi (Θ̂) = Y i − µ(Θ̂)

their variance is smaller than the (true) conditional variance of Y :

E
[
ξi (Θ̂)ᵀξi (Θ̂)

]
= Ω(Θ)−Ψi + op(n−1)

where Ψi is the first order bias:

Ψi = ∂µ(Θ)
∂Θ

ᵀ

ΣΘ̂
∂µ(Θ)
∂Θ

and µ(Θ) = E [Y |X ], Ω(Θ) = Var [Y |X ].

Example: Yi = βXi + εi , with εi ∼ N
(
0, σ2)

Ψ̂i = σ̂2 p
n
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(A) bias correction in LVM (2/2)

Assuming that E
[

1
n
∑n

i=1 ξi (Θ̂)ᵀξi (Θ̂)
]
and Ω(Θ) are subject to

the same type of bias
• we can use Ψ̂ = 1

n
∑n

i=1 Ψ̂i to correct Ω̂(Θ)

• and the new Ω̂(Θ) to better estimate ΣΘ̂ and Ψ
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(A) bias correction in LVM (2/2)
Assuming that E

[
1
n
∑n

i=1 ξi (Θ̂)ᵀξi (Θ̂)
]
and Ω(Θ) are subject to

the same type of bias
• we can use Ψ̂ = 1

n
∑n

i=1 Ψ̂i to correct Ω̂(Θ)

• and the new Ω̂(Θ) to better estimate ΣΘ̂ and Ψ

Example: Yi = βXi + εi , with εi ∼ N
(
0, σ2)

Ψ̂i = σ̂2 p
n and σ̃2 = σ̂2 + Ψ̂ =

(
1 + p

n

)
σ̂2

Iterating the procedure gives:

σ̃∞ =
∞∑

k=0

(p
n

)k
σ̂2 = n

n − p σ̂
2
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Simulation study
No adjustment Adjustment: Bonferroni Adjustment: max−test

no sm
all sam

ple correction
sm

all sam
ple correction

0.
25

0.
50

0.
75

1.
00

0.
25

0.
50

0.
75

1.
00

0.
25

0.
50

0.
75

1.
00

0.0

0.1

0.2

0.3

0.4

0.5

0.0

0.1

0.2

0.3

0.4

correlation between the test statistics

ty
pe

 1
 e

rr
or

sample size
30

50

75

100

150

200

300

500
19 / 22



Introduction Handling multiple comparisons Handling small sample size Conclusion

Application
no correction permutations 1 small sample correction

(Ha
0): p-value 0.004 0.0166 0.011

p-value (with small sample correction)

region effect (%) unadjusted Bonferroni max-test
thalamus 12.75 0.23 1.00 0.53
pallidostriatum 12.03 0.18 1.00 0.43
neocortex 4.38 0.60 1.00 0.97
midbrain 10.40 0.22 1.00 0.51
pons 1.56 0.86 1.00 1.00
cingulate gyrus 17.28 0.03 0.30 0.11
hippocampus 12.64 0.14 1.00 0.36
supramarginal gyrus 5.22 0.55 1.00 0.94
corpus callosum 19.02 0.03 0.23 0.09

1 10 000 samples, false cv 0.13%, CPU time ≈ 1h
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Conclusion

LVM are a flexible framework to analyze regional imaging data:
• R package lava

We propose inference tools in the R package lavaSearch2:
• inference in small samples (not perfect but better than lava)
• adjustment for multiple comparisons (via mvtnorm)
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Extention

Thalamus

Corpus Callosum

...

Midbrain

Pons

ηSPECT

Genotype

Concussion

Investigate model misspecification using score tests
• adjustment for multiple comparisons
• max-test procedure for score statistics
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Generic LVM

• a measurement model:

Y i = ν + ηi Λ + X iK + εi , where εi ∼ N (0,Σε)

• a structural model:

ηi = α+ ηiB + X i Γ + ζ i , where ζ i ∼ N (0,Σζ)

• identifiability constrains, e.g. ν1 = 0, λ1 = 1, diag(B) = 0
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Generic LVM - illustration
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LVM as a Gaussian model

Y i |X i ∼ N (µ(Θ,X i ),Ω(Θ))

with a specific structure for the conditional mean:

µ(Θ,X i ) = ν +α(1− B)−1Λ + X i Γ(1− B)−1Λ + X iK

and the conditional variance:

Ω(Θ) = Λᵀ(1− B)−ᵀΣζ(1− B)−1Λ + Σε

Note:

I1(θ, θ′) =1
2 tr

(
Ω(Θ)−1∂Ω(Θ)

∂θ
Ω(Θ)−1∂Ω(Θ)

∂θ′

)
+ 1

n

n∑
i=1

∂µ(Θ)
∂θ

Ω(Θ)−1∂µ(Θ)
∂θ′

ᵀ
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(B) Satterthwaite approximation
We model the distribution of the variance of our estimator:

kσ̂2
θ̂
∼ χ2(df )

We identify k and df using the method of moments:

E
[
kσ̂2

θ̂

]
= E

[
χ2(df )

]
= df

Var
[
kσ̂2

θ̂

]
= Var

[
χ2(df )

]
= 2df

i.e.

df = 2
E
[
σ̂2
θ̂

]2
Var

[
σ̂2
θ̂

]
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(B) Estimating Var
[
σ̂2
θ̂

]
We can relate the estimated variance of our estimator to the model
parameters:

σ̂θ̂ = f (Θ̂)

Estimates from maximum likelihood estimator satisfies:

n1/2(Θ̂−Θ) ∼ N
(
0, I1(Θ)−1

)

Then, the delta method gives:

n1/2(σ̂Θ̂ − σΘ̂) ∼ N
(
0,∇Θf (Θ)I1(Θ)−1∇Θf (Θ)

)
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(C) Effective sample size

nc =
n∑

i=1

∂ξi (Θ̂)
∂Y i

= n −
n∑

i=1

∂µ(Θ̂,X i )
∂Y i

where ∂µ(Θ̂,X i )
∂Y i

are the generalized leverage defined by (Wei et al.,
1998).

Example: univariate linear regression

n̂c = n −
n∑

i=1
X i

∂β

∂Yi
= n −

n∑
i=1

X i (XᵀX)−1 X i
ᵀ = n − p
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