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Introduction Missing data Parametrization Discussion

Repeated measurements in medical research

• Clinical trial: outcome measured on the same patient
at different timepoints.

timet0 t1 t2 t3

• Observational: outcome measured at different locations.
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△! Occasions (i.e. timepoints, brain regions) are fixed by design
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Introduction Missing data Parametrization Discussion

Example 1: gastric bypass study (Jorsal et al., 2020)
• single group of obese subjects
• outcome: gut hormone prior and after surgery
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Introduction Missing data Parametrization Discussion

Example 2: ARMD Trial (int, 1997)
• comparing interferon-α and placebo
• outcome: change in vision over time
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Introduction Missing data Parametrization Discussion

Example 3: brain trauma (Ebert et al., 2019)
After a mild traumatic brain injury,
is there a neuroinflammatory response in the brain?

• 22 healthy controls and 14 patients
• genetic factors influencing brain measurements

Controls

Concussion

-
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Introduction Missing data Parametrization Discussion

Why repeated repeated measurements? (1/2)
To capture the time-dynamic of the treatment effect:

Constant effect Time varying effect

To get a better estimates
• use each patient

as his own control

• extract the signal
from noisy measurements
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Introduction Missing data Parametrization Discussion

Why repeated repeated measurements? (2/2)

To better handle missing values:
• as the follow-up time increases, patient are more likely to

drop-out

• regular follow-up can help:
- to understand the reason(s) for drop-out
- to limit the bias/loss in statistical power due to drop-out
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Introduction Missing data Parametrization Discussion

Statistical challenges

Clinical trial:
• incorporate restrictions induced by randomization
• transparent and optimal handling of missing values
• valid statistical inference in small samples

Observational:
• modeling a system of variables
• flexible but interpretable model

=⇒ multivariate approach
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Introduction Missing data Parametrization Discussion

But what about a good old t-test?
Two sample t-test at the last timepoint

• not optimal: 30% of the variance is explained by baseline
• not feasable: missing values
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Introduction Missing data Parametrization Discussion

What can be done then?
Complete case analysis (2 timepoints 0-52):

• two sample t-test on the change from baseline: CHANGE
∆µ̂A − ∆µ̂P = −4.29, p = 0.061

• linear regression final∼baseline+group: ANCOVA
∆µ̂A − ∆µ̂P = −4.61, p = 0.038

Full information (2 timepoints):
Full information (5 timepoints):

• random intercept model CHANGE
∆µ̂A − ∆µ̂P = −4.90, p = 0.0046

• unstructured gaussian model CHANGE
∆µ̂A − ∆µ̂P = −4.87, p = 0.037

• unstructured gaussian model ANCOVA
∆µ̂A − ∆µ̂P = −4.916, p = 0.0308
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Introduction Missing data Parametrization Discussion

A more dramatic example

Using only two timepoints
(+3 months vs. -3 months)
where there is no missing values: 10
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• t-test on the change from baseline:
µ̂A − µ̂P = 3.20258, p = 0.04132

• random intercept model:
boundary (singular) fit: see ?isSingular=

• unstructured gaussian model:
µ̂A − µ̂P = 3.20258, p = 0.04132
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Missing data
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Introduction Missing data Parametrization Discussion

Two-timepoint study

Consider a study with two timepoints and n = n1 + n2 participants:
• n1 with only baseline measurement missing data
• n2 with baseline and follow-up measurements full data

Denote:
• Y = (Y1,Y2) the outcome over time
• µ = (µ1, µ2) the mean over time

• Ω =
[
σ2

1 ρσ1σ2
ρσ1σ2 σ2

2

]
the variance-covariance over time

• θ = (µ1, µ2, σ1, σ2, ρ) the model parameters
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Likelihood in a two-timepoints study
Under a Gaussian model

L (θ) =
n2∏

i=1

1
2π |Ω|

1
2

exp
(

−1
2
[
Y1i − µ1 Y2i − µ2

]
Ω−1

[
Y1i − µ1
Y2i − µ2

])
n∏

i=n2+1

1√
2πσ1

exp
(

− 1
2σ2

1
(Y1i − µ1)2

)

After some calculation, the score regarding µ2 can be expressed:

Sµ2 = ∂ log L (θ)
∂µ2

=
n2∑

i=1

Y2i − µ2
σ2

2(1 − ρ2)
− ρ

Y1i − µ1
σ1σ2(1 − ρ2)

Sµ2 = 0 =⇒ µ2 = 1
n2

n2∑
i=1

Y2i − ρσ2
Y1i − µ1

σ1
= [...]

=⇒ µ2 = 1
n

 n2∑
i=1

Y2i +
n∑

i=n2+1
µ2 + ρσ2

Y1i − µ1
σ1
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Introduction Missing data Parametrization Discussion

A classical result

Gaussian conditional distribution

If
[
Y1
Y2

]
∼ N

([
µ1
µ2

]
,

[
σ2

1 ρσ1σ2
ρσ1σ2 σ2

2

])
then:

Y2|y1 ∼ N
(
µ2 + ρ

σ2
σ1

(y1 − µ1), (1 − ρ2)σ2
2

)

• If ρ = 0, observing Y1 = y1 is useless:
Y2|y1 ∼ N

(
µ2, σ

2
2

)
• if ρ = 1, µ2 is corrected by how much y1 deviates from µ1

Y2|y1 = µ2 + σ2
(y1 − µ1)

σ1
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Introduction Missing data Parametrization Discussion

Estimate in a two-timepoints study

µ2 = 1
n

 n2∑
i=1

Y2i +
n∑

i=n2+1
µ2 + ρσ2

Y1i − µ1
σ1


= 1

n

 n2∑
i=1

Y2i +
n∑

i=n2+1
E [Y2|Y1]


→ model parameter identified as an average of observed values

(when available) or conditional mean (when missing).

The mixed model can be seen as an imputation model for the
missing values!

• not a good idea if missingness is due to death
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Introduction Missing data Parametrization Discussion

Back to example 1

Using only two timepoints
(+3 months vs. -3 months)
where there is no missing values: 10

20

30

3 months before 1 week before 1 week after 3 months after
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• t-test on the change from baseline: µ̂A − µ̂P = 3.20258, p = 0.04132

• unstructured gaussian model:
µ̂A − µ̂P = 3.20258, p = 0.04132

No missing value = no need for imputation
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Estimate in a multiple-timepoints study
The formula generalizes to multiple timepoints:
(i.e. Y1 and µ1 are vectors)

µ2 = 1
n

 n2∑
i=1

Y2i +
n∑

i=n2+1
µ2 + Cov(Y2,Y1)Var [Y1]−1 (Y1i − µ1)


= 1

n

 n2∑
i=1

Y2i +
n∑

i=n2+1
E [Y2|Y1]



The quality of the imputation and therefore of the estimate
depends on:

• the mean, variance, correlation structure,
e.g. may be group dependent

• bias / variance trade-off
18 / 38
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Back to example 2

Full information (2 timepoints):
• Random intercept model:

∆µ̂A − ∆µ̂P = −4.43, p = 0.0484
• Unstructured gaussian model:

∆µ̂A − ∆µ̂P = −4.38, p = 0.055
Full information (5 timepoints):

• Random intercept model
∆µ̂A − ∆µ̂P = −4.90, p = 0.0046

• Unstructured gaussian model
∆µ̂A − ∆µ̂P = −4.87, p = 0.037
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simplified imputation model
- 2 vs. 5 timepoints: E [Y5|Y1,X ] = E [Y5|Y1,Y2,Y3,Y4,X ]?
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Parametrization
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Empirical covariance pattern
• dispertion over time (standard deviation)

3.78 3.29 6.15 4.48

−
3 

m
on

th
s

−
1 

w
ee

k

+
1 

w
ee

k

+
 3

m
on

th
s

Example 1

15 15.91 17.2 18.51 18.54

14.82 15.81 17.48 18.08 18.4Active

Placebo

w
ee

k 
0

w
ee

k 
4

w
ee

k 
12

w
ee

k 
24

w
ee

k 
52

Exampe 2

• dependency over time (Pearson correlation)

1 0.83 0.14 −0.25

0.83 1 −0.09 −0.22

0.14 −0.09 1 0.6

−0.25 −0.22 0.6 1+3 months

+1 week

−1 week

−3 months

−
3 

m
on

th
s

−
1 

w
ee

k

+
1 

w
ee

k

+
3 

m
on

th
s

Example 1

1 0.88 0.74 0.68 0.54

0.88 1 0.83 0.72 0.6

0.74 0.83 1 0.77 0.68

0.68 0.72 0.77 1 0.84

0.54 0.6 0.68 0.84 1week 52

week 24

week 12

week 4

week 0

w
ee

k 
0

w
ee

k 
4

w
ee

k 
12

w
ee

k 
24

w
ee

k 
52

Exampe 2 (Placebo)

1 0.83 0.75 0.64 0.58

0.83 1 0.85 0.75 0.62

0.75 0.85 1 0.87 0.73

0.64 0.75 0.87 1 0.83

0.58 0.62 0.73 0.83 1week 52

week 24

week 12

week 4

week 0

w
ee

k 
0

w
ee

k 
4

w
ee

k 
12

w
ee

k 
24

w
ee

k 
52

Example 2 (Active)

21 / 38



Introduction Missing data Parametrization Discussion

Typical random effects models (1/2)
Random intercept:

Yit = Xitβ + ui + εit where ui ∼ N (0, τ) ⊥⊥ εit ∼ N (0, σ2)

Var [Yi ] = Var [ui + εit ] =


σ2 τ + σ2 τ + σ2 . . .

τ + σ2 σ2 τ + σ2 . . .
τ + σ2 τ + σ2 σ2 . . .

...
...

... . . .

 = Ω

Implied marginal model

Yi = X iβ + ν i where ν i ∼ N (0,Ω)

• variance and correlation constant over time and group
• positive correlation
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Introduction Missing data Parametrization Discussion

Back to example 1

Using only two timepoints
(+3 months vs. -3 months)
where there is no missing values:

• random intercept model:
boundary (singular) fit:
see ?isSingular=
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Random intercept cannot handle negative correlation
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Typical random effects models (2/2)

Random slope

Yit = Xβ + ui + tvi + εit

where
[
ui
vi

]
∼ N

([
0
0

]
,

[
τ11 τ12
τ12 τ22

])
⊥⊥ εit ∼ N (0, σ2)

Implied marginal model

Yi = X iβ + ν i where ν i ∼ N (0,Ω)

• here Ω has a complex expression
Cov(Yis ,Yit) = τ11 + stτ22 + (s + t)τ12

• τ11, τ22, τ12 variance and correlation parameters
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Back to example 1
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Random slope

• 4 parameters for variance and correlation do not provide a
good fit (in this example)
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Multivariate linear model - general expression

Yi = Xiβ + εi where εi ∼ N (0,Ω)

Ω =


σ2

1 σ1,2 σ1,3 σ1,4 . . .
σ1,2 σ2

2 σ2,3 σ2,4 . . .
σ1,3 σ2,3 σ2

3 σ3,4 . . .
σ1,4 σ2,4 σ3,4 σ2

4 . . .
...

...
...

... . . .
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Multivariate linear model - general expression

Yi = Xiβ + εi where εi ∼ N (0,Ω)

Ω =


σ2

1 σ1σ2ρ1,2 σ1σ3ρ1,3 σ1σ4ρ1,4
σ2σ1ρ1,2 σ2

2 σ2σ3ρ2,3 σ2σ4ρ2,4
σ3σ1ρ1,3 σ3σ2ρ2,3 σ2

3 σ3σ4ρ3,4
σ4σ1ρ1,4 σ4σ2ρ2,4 σ4σ3ρ3,4 σ2

4


=diag(σ) × R × diag(σ)
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Multivariate linear model - general expression
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"Direct" parametrisation in term of:

• variance (σ ∈]0; +∞[, k ∈]0; +∞[)
• correlation (ρ ∈] − 1, 1[)

Assumption:
distinct parameters for the mean, variance, correlation
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Introduction Missing data Parametrization Discussion

Back to example 2

Full information (2 timepoints):
• Random intercept model:

∆µ̂A − ∆µ̂P = −4.43, p = 0.0484
• Unstructured gaussian model:

∆µ̂A − ∆µ̂P = −4.38, p = 0.055
Full information (5 timepoints):

• Random intercept model
∆µ̂A − ∆µ̂P = −4.90, p = 0.0046

• Unstructured gaussian model
∆µ̂A − ∆µ̂P = −4.87, p = 0.037

0

20

40

60

80

week 0 week 4 week 12 week 24 week 52

qu
al

ity
 o

f t
he

 v
is

io
n

treatment
Placebo
Active

simplified imputation model
- Random intercept vs. Unstructured:

variance constant over time? correlation time independent?
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Introduction Missing data Parametrization Discussion

Covariance pattern model in R

Gold standard: gls function
• we developed our own software solution!

Include several covariance patterns for balanced design

LMMstar covariance patterns:
- CS: compound symmetry

CS(∼ group) stratification

-

UN unstructured
UN(∼ group) stratification

-

. . .

-

user-specific pattern
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Back to example 2
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Mixed model with baseline adjustment
At baseline, the groups are comparable. We constrain:

• same baseline mean • same baseline variance
lmm(visual ∼ time:treat,

repetition = ∼time:treat|subject,
structure = UN,
control = list(optimizer = "FS"), data = armd.long)
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But what about the ANCOVA?

Complete case analysis (2 timepoints 0-52):
• two sample t-test on the change from baseline: CHANGE

∆µ̂A − ∆µ̂P = −4.29, p = 0.061
• linear regression final∼baseline+group: ANCOVA

∆µ̂A − ∆µ̂P = −4.61, p = 0.038

Full information (5 timepoints):
• unstructured gaussian model CHANGE

∆µ̂A − ∆µ̂P = −4.87, p = 0.037
• unstructured gaussian model ANCOVA

∆µ̂A − ∆µ̂P = −4.916, p = 0.0308

Parameter of interest:
CHANGE: ψ1 = E [Y5 − Y1|X = 1] − E [Y5 − Y1|X = 0]
ANCOVA: ψ2 = E [Y5|X = 1,Y1 = y1] − E [Y5|X = 0,Y1 = y1]
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Using the same classical result

Gaussian conditional distribution

If
[

Y1
Y2

]
∼ N

([
µ1
µ2

]
,

[
σ2

1 ρσ1σ2
ρσ1σ2 σ2

2

])
then:

Y2|y1 ∼ N
(

µ2 + ρ
σ2
σ1

(y1 − µ1), (1 − ρ2)σ2
2

)

E [Y5|X = 1,Y1 = y1] = µ5(X = 1) + ρ5,1
σ5
σ1

(Yi1 − µ1(X = 1))

E [Y5|X = 0,Y1 = y1] = µ5(X = 0) + ρ5,1
σ5
σ1

(Yi1 − µ1(X = 0))

So ψ2 = µ5(X = 1) − µ5(X = 0) − ρ5,1
σ5
σ1

(µ1(X = 1) − µ1(X = 0))

→ specific to each covariance pattern
→ UN, no missing value: same estimate as the usual ANCOVA
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Conclusion and perspectives
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Take home messages

Mixed models is a transparent way to handle missing values:
• implicit imputation of the conditional mean

Requires correct modeling of the joint covariance structure Ω:
• indirect parametrisation (random effects)
• direct parametrisation (covariance patterns)

→ intuitive and very flexible
→ well suited for studing balanced designs

Conditional effects can be deduced from the joint model:
• as in the ANCOVA example
• typically involves elements from Ω
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Perspective: choice of the covariance pattern

With few repetitions:
• UN is safe pattern
• stratified UN can handle a binary covariate at the cluster level

(e.g. treatment)

Otherwise:
• assumptions have to be made . . .
• . . . which can often be tested,

e.g. by considering a simple or more complex model
• does selection of the covariance pattern affects statistical

inference on the mean parameters?
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Perpsective: optimization
Optimization under constraints

• R must be positive definite
• may create complex constraints on the support of ρ

Transform R or ρ to an unconstrained space

Yi = Xiβ + εi where εi ∼ N
(

0,Ω = diag(σ) × R × diag(σ)
)

where R(ρ) =


1 ρ1,2 ρ1,3 . . .
ρ1,2 1 ρ2,3 . . .
ρ1,3 ρ2,3 1 . . .

...
...

... . . .
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Perpsective: optimization
Optimization under constraints

• R must be positive definite
• may create complex constraints on the support of ρ

Univariate transformations help but are not enough.

Multivariate transformations
(Pinheiro and Bates, 1996; Zhang et al., 2015):

• Cholesky decomposition R = r r⊺

• Reparametrization of r to obtain unit column vectors

✔ uniquely defined and guarantee positive define R
→ routinely used for UN patterns

✘ difficult to apply to any covariance pattern
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Perpsective: dimension reduction

Latent Variable Models can be seen as an extension of mixed
models:

• parameters can influence both mean, variance, and correlation!

Thalamus

Corpus Callosum

...

Midbrain

Pons

ηSPECT Concussion
γ

1
λ2

λ3

λ4

λ5
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Comments or questions?

https://www.goodvibeblog.com/got-mixed-feelings/
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Latent Variable Models (LVMs)

A LVM is defined by
• a measurement model:

Yi = ν + ηiΛ + XiK + εi , where εi ∼ N (0,Ωε)

• a structural model:

ηi = α + ηiB + XiΓ + ζ i , where ζ i ∼ N (0,Ωζ)

• identifiability constrains, e.g. ν1 = 0, λ1 = 1, diag(B) = 0
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Illustration on example 3
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Yir = νr + ηiλr + ConcussionikC
r + GenotypeikG

r + εir
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ηi = α+ ζi , where ζi ∼ N
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0, σ2

ζ

)
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LVM for dimension reduction
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LVM for dimension reduction

Thalamus

Corpus Callosum

...

Midbrain

Pons

ηSPECT Concussion
γ

1
λ2

λ3

λ4

λ5

Same covariance structure but different mean structure:
• γ: global concussion effect
• (γ, γλ2, . . . , γλ5): region specific concussion effect

λ. parameters influence mean, variance, and correlation!
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