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Clinical trials in oncology - (Moore et al., 2007)
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Benefit risk assessment

I do not think there is a good objective approach.
• outcome-specific analyses are not sufficient

What about a good subjective approach?
Patient OB preference

1. gain in survival of at least 2 months
2. otherwise, least serious adverse event
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Generalized Pairwise Comparisons (GPC)
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Generalized Pairwise Comparisons (GPC)
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Parameter of interest
Net benefit:

∆ = P [X1 ≥ Y1 + τ1] − P [Y1 ≥ X1 + τ1]
+ P [X2 ≥ Y2 + τ2, |X1 − Y1| < τ1] − P [Y2 ≥ X2 + τ2, |X1 − Y1| < τ1]

= U+
1 − U−

1 + U+
2 − U−

2

where:
• τ = (τ1 = 2, τ2 = 0.1): smallest clinically relevant difference
• X = (X1,X2): outcomes in the experimental arm
• Y = (Y1,Y2): outcomes in the placebo arm

∆ =


1, treatment always better
0, no difference
−1, treatment always worse
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Estimation
- U-statistic

- handling right-censoring
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Notations & assumptions

Consider the following two samples:
• (x i)m

i=1 = (x̃1i , ε1i , x2i)m
i=1

•
(
y j

)n

j=1
= (ỹ1j , η1j , y2j)n

j=1

i.e. (survival time, censoring indicator, categorical outcome)

Assumptions:
• independent samples
• observations iid1 within sample
• ratio m

n → ρ ∈]0, 1[ when m + n → ∞.
• right-censoring independent of the outcome within sample

1 independent and identically distributed
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Estimation
With complete data we can estimate:

U+
1 = P [X1 ≥ Y1 + τ1]

using a two-sample U-statistic:

Û+
1 = 1

mn

m∑
i=1

n∑
j=1

1x1i ≥y1j +τ1

where 1• is the indicator function: 1 if • is true, 0 otherwise.

In presence of right censoring:
• inverse probability of censoring weights e.g. Zhang et al. (2022)
• "Peron scoring rule" Péron et al. (2018)
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Peron scoring rule (intuition)

j

i1

i2

censoring

death

death

E
[
1x1i ≥y1j +τ1 |x̃1i , ε1i , ỹ1j , η1j

]
= 0.75 for i1
= 1 for i2
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Estimation with right censoring
Introducing SX and SY the group-specific survival curves:

Û+
1 =Û+

1 (SX ,SY )

= 1
mn

m∑
i=1

n∑
j=1

E
[
1x1i ≥y1j +τ1 |x̃1i , ε1i , ỹ1j , η1j ,SX ,SY

]

Example: ε1i = 1 (event), η1j = 0 (censored), x1i ≥ ỹ1j + τ

E
[
1x1i ≥y1j +τ1 |x̃1i , ε1i , ỹ1j , η1j , SX ,SY

]
= 1 − SY (x1i − τ1)

SY (ỹ1j)

= 1 − 0.2
0.8 = 0.75 (for i1 vs. j)
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Û+
1 =Û+
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Back to the motivating example

• about 15% of
right-censoring

• SX and SY are estimated
using Kaplan-Meier
(denoted ŜX and ŜY )
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Priority Favorable Unfavorable Neutral δ̂
1 (survival, 2 months) 42.0 % 33.5 % 24.5% 8.5%
2 (adverse event) 6.8 % 11.9 % 5.9% -5.1%

Overall: ∆̂ = 3.4%
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Uncertainty quantification
- with complete data

- with right-censoring
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Intuition

Û+
1 = 1

mn

m∑
i=1

n∑
j=1

1x1i ≥y1j +τ1 is an average !

△!
(
1x1i ≥y1j +τ1

)
i∈{1,...,n},j∈{1,...,m}

are not independent
e.g. 1x1i ≥y1j +τ1 and 1x1i ≥y1j′+τ1 both depends on x1i

This motivate the following H-decomposition (Lee, 1990):

Û+
1 − U+

1 = 1
m

m∑
i=1

H(1,0)
i + 1

n

n∑
j=1

H(0,1)
j + 1

mn

m∑
i=1

n∑
j=1

H(1,1)
i j

• sum of uncorrelated U-statistics of increasing order
• with variance of decreasing order in n, m.
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Asymptotic distribution of Û+
1

Û+
1 − U+

1 = 1
m

m∑
i=1

H(1,0)
i + 1

n

n∑
j=1

H(0,1)
j +

�
���

����
1

mn

m∑
i=1

n∑
j=1

H(1,1)
i j︸ ︷︷ ︸

asymptotically neglectable

H(1,0)
i = E[1x1i ≥y1j +τ1 |x1i ] − U+

1

H(0,1)
j = E[1x1i ≥y1j +τ1 |y1j ] − U+

1

• we have means of independent terms! So by the central limit
theorm (CLT), Û+

1 is normally distributed

Var
[
Û+

1

]
≈ 1

m2

m∑
i=1

(
H(1,0)

i

)2
+ 1

n2

n∑
j=1

(
H(0,1)

j

)2

• similar arguments hold for ∆̂
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Simulation results (1/2)
• single time to event outcome, 20 000 repetitions
• confidence intervals computed after tanh transform

and backtransformed (ensure bounds within [-1;1])
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Here τ = 0.5 is a large threshold (approx. median survival time)
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What about right-censoring
If we knew the survival curves:

• Re-use the H-decomposition with
E

[
1x1i ≥y1j +τ1 |x̃1i , ε1i , ỹ1j , η1j ,SX , SY

]
instead of 1x1i ≥y1j +τ1

△! Solely doing when estimating the survival leads to:
• correlated terms in the H-decomposition

(H(1,0)
i and H(1,0)

i ′ may both depend on ŜX or ŜY ).
• underestimation of the uncertainty

A decomposition in independent terms uses (Randles, 1982):

Û+
1 (ŜX , ŜY ) − U+

1 (SX ,SY ) = Û+
1 (ŜX , ŜY ) − Û+

1 (SX ,SY )︸ ︷︷ ︸
new decomposition

+ Û+
1 (SX ,SY ) − U+

1 (SX ,SY )︸ ︷︷ ︸
previous H-projection
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Simplified survival model
Exponential model:

• ŜX (t) = exp(−λ̂X t) and ŜY (t) = exp(−λ̂Y t)
where λ̂X =

∑m
i=1 ε1i∑m
i=1 x̃1i

= # death
# follow-up time and λ̂Y =

∑n
j=1 η1j∑n
j=1 ỹ1j

Example: ε1i = 1, η1j = 0, x1i ≥ ỹ1j + τ :

E
[
1x1i ≥y1j +τ1 |x̃1i , ε1i , ỹ1j , η1j , ŜX , ŜY

]
= 1 − ŜY (x1i − τ1)

ŜY (ỹ1j)
= 1 − exp

(
−λ̂Y (x1i − τ1 − ỹ1j)

)

Estimates admit an iid decomposition, e.g.:

λ̂Y − λY = 1
n

n∑
j=1

λY
1
n

∑n
j=1 η1j

(η1j − ỹ1jλY ) + op

( 1√
n

)
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ŜY (ỹ1j)
= 1 − exp

(
−λ̂Y (x1i − τ1 − ỹ1j)
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(η1j − ỹ1jλY ) + op

( 1√
n

)

17 / 23



Benefit risk assessment Estimation Uncertainty quantification Discussion

Simplified survival model
Exponential model:
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Example: ε1i = 1, η1j = 0, x1i ≥ ỹ1j + τ :
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]
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New decomposition
We can use a first order Taylor expansion2:

Û+
1 (ŜX , ŜY ) − Û+

1 (SX ,SY ) = Û+
1 (λ̂X , λ̂Y ) − Û+

1 (λX , λY )

=∂Û+
1 (λX , λY )
∂λX

(λ̂X − λX ) + ∂Û+
1 (λX , λY )
∂λY

(λ̂Y − λY )

+ op

( 1√
m

)
+ op

( 1√
n

)

= 1
mn

m∑
i=1

m∑
j=1

∂E
[
1x1i ≥y1j +τ1 |x̃1i , ε1i , ỹ1j , η1j , λX , λY

]
∂λX

(λ̂X − λX ) + . . .

Similar for Kaplan Meier (KM) but with more complex formulas!

2 under smoothness conditions satisfied for the exponential model
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Simulation results (2/2)
• censoring times follow an exponential distribution
• computation time for the standard error:

overhead of a factor 1 (n=30) to 18 (n=1000)
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no censoring Peron's scoring rule

Here τ = 0.5 is a large threshold (approx. median survival time)
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Back to the motivating example
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Worst adverse event
grade 5
grade 4
grade 3
grade 2
grade 1
no adverse event

Priority δ̂ ∆̂ CI(∆̂) p-value (∆ = 0)
1 (survival, 2 months) 8.5% 8.5% [-0.6%;17.5%] 0.066
2 (adverse event) -5.1% 3.4% [-6%;12.8%] 0.48

• some evidence for a benefice in survival
• little evidence for a positive benefit-risk balance
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Wrapping-up
Net benefit to quantify benefit-risk balance

• ∆ = P [X ≥ Y + τ ] − P [X ≥ Y + τ ]
• hierarchy of outcomes, with thresholds of clinical relevance

Estimation (see Ozenne et al. (2021) for details):
• Peron’s scoring rule to handle right-censoring
• U-statistic + Taylor expansion to quantify uncertainty
• package BuyseTest

Applications:
• power calculation
• handling measurements

with detection limit

• multiple testing adjustment
• handling heteroschedasticity

(e.g. permutation test)
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Challenges

Reliable inference in small sample / large thresholds:
• tanh transformation
• permutation test

Causal interpretation
• not straightforward, see Fay et al. (2018)

Unknown tail of the survival distribution
• add-hoc correction (Péron et al., 2021)
• restricted net benefit
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Peron scoring rule

(εi ,ηj) x̃i − ỹj > τ x̃i − ỹj < −τ |x̃i − ỹj | < τ

(1, 1) 1 -1 0

(0, 1) 1 SX (ỹj +τ)+SX (ỹj −τ)
SX (x̃i ) − 1 SX (ỹj +τ)

SX (x̃i )

(1, 0) 1 − SY (x̃i +τ)+SY (x̃i −τ)
SY (ỹj ) -1 −SY (x̃i +τ)

SY (ỹj )

(0, 0) A B C

A = 1 − SY (x̃i −τ)
SY (ỹj ) −

∫ ∞
x̃i −τ

SX (t+τ)dSY (t) +
∫ ∞

x̃i
SY (t+τ)dSX (t)

SX (x̃i )SY (ỹj )

B = −1 + SX (ỹj −τ)
SX (x̃i ) +

∫ ∞
ỹj −τ

SY (t+τ)dSX (t) +
∫ ∞

ỹj
SX (t+τ)dSY (t)

SX (x̃i )SY (ỹj )

C =
−

∫ ∞
ỹj

SX (t+τ)dSY (t) +
∫ ∞

x̃i
SY (t+τ)dSX (t)

SX (x̃i )SY (ỹj ) 26 / 23
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Trivial example of H-decomposition
The estimator of the variance:

σ̂2 = 1
n − 1

n∑
i=1

(xi − µ̂)2 = 1(n
2
) n∑

i=1

n∑
i<j

(xi − xj)2

2

is a U-statistic of order 2 with kernel h(x1, x2) = (x1−x2)2

2 .
Its H-decomposition of σ̂2 is:

σ̂2 = σ2 + 1
n

n∑
i=1

(
(xi − µ)2 − σ2

)
− 2

n(n − 1)

n∑
i=1

n∑
j<i

(Xi − µ)(Xj − µ)

It is therefore asymptotically normally distributed with variance:

Var
[
σ̂2

]
−−−→
n→∞

Var
[

1
n

n∑
i=1

(
(xi − µ)2 − σ2

)]

−−−→
n→∞

E
[
(xi − µ)4]

−
(
σ2)2

n
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Example of sensitivity analysis
Repeating the analysis varying the thresholds:

1 2 3
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Pointwise CIs  (t 2) 1 2 3 Simulatenous CIs  (t 2) 1 2 3
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Correlation plot of the sensitivity analysis
Jointly normally distributed estimates (asymptotically)

• correlation of 0.79 or above
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Adjustment for multiple comparisons
Simulatenous confidence intervals:

• max-test adjustment instead of Bonferroni
leveraging the high correlation
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Causal interpretation
Ideal causal parameter:

ψ = P [Xi > Yi ]

Mann-Whitney parameter:

ϕ = P [Xi > Yj ]

Causal parameter associated with the Mann-Whitney parameter:

ψ̃ = E [G(Xi) − G(Yi)] + 0.5

with G(z) = P[X<z]+P[Y <z]
2

"The value G(Xi) represents where the i-th subject’s treatment
response falls, in terms of quantiles, among all potential responses,
under either arm, in the population.

• For example, G(Xi) = 0.90 means that its response when on
treatment are about as good or better than 90% of all
responses."
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